Based on dilatonic dark energy model, we consider two cases: dilaton field with positive kinetic energy(coupled quintessence) and with negative kinetic energy(phantom). In the two cases, we investigate the existence of attractor solutions which correspond to an equation of state parameter ω = −1 and a cosmic density parameter Ωσ = 1 and clarify that the coupled term between matter and dilaton can't affect the existence of attractor solutions. When the potential of scalar field is taken as the Mexican hat potential, the attractor behaviors, the evolution of state parameter ω and cosmic density parameter Ω, are shown mathematically. Finally, we show the effect of coupling term on the evolution of X and Y with respect to N numerically.
Introduction
Observational data from SNe Ia [1] , WMAP [2] , SDSS [3] , show that we are living in a spatially flat universe which consists of about two thirds dark energy with negative pressure, one third dust matter including cold dark matters plus baryons, and negligible radiation, and that our universe is undergoing an accelerated expansion. In order to explain current acceleration of the universe, we require an exotic energy dubbed "dark energy" with equation of state satisfying ω < − 1 3 . Many models have been proposed so far to fit these observations. Among these models, the most typical ones are cosmological constant and a time varying scalar field with positive or negative kinetic energy evolving in a specific potential, referred to as "quintessence" [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] or "phantom" [15] [16] [17] [18] [19] . The essential characteristics of these dark energy models are contained in the parameter of its equation of state, p = ωρ, where p and ρ denote the pressure and energy density of dark energy, respectively, and ω is a state parameter. Quintessence model has been widely studied, and its state parameter ω which is time-dependent, is greater than −1. At the same time, observations also suggest another dark energy model-phantom with an equation of state ω < −1. The most typical characteristic of the phantom model is that the kinetic of the scalar field is negative. Because of this, it leads to some unusual features of phantom model. A striking consequence of phantom model is that the Universe will undergo a catastrophic "Big Rip" in a finite time. However, Hao and Li [20] have presented that a de Sitter attractor will prevent the phantom energy from increasing up to infinite in a finite cosmic time, therefor the presence of phantom energy dose not lead to a cosmic doomsday in a theory with de Sitter attractor at late time.
In our previous paper [21] , Lu and I have successfully constructed a dilatonic dark energy model, based on Weyl-scaled induced gravitational theory. In that paper we investigate the cosmological dynamics in the dilaton-dominant epoch, neglecting the contribution from radiation and matter. In this paper, we consider a more general dilatonic dark energy model that the effects of radiation and matter can't be neglected. Based on this, we study two cases: coupled quintessence-dilaton field with positive kinetic energy, and phantom-dilaton field with negative kinetic energy. In the two cases, we give the sufficient conditions of existence of attractor solutions, which limit the choice of potential of scalar field. When we take the potential as the famous Mexican hat potential
we investigate existence and dependence on initial conditions of a late time attractor and obtain the sufficient conditions of existence of attractor solutions. We find that these attractor solutions correspond to an equation of state ω = −1 and a cosmic density parameter Ω σ = 1, which are important features for a dark energy model that can meet the current observations. These results are shown mathematically. Finally, we show the effect of coupling term on the evolution of X and Y with respect to N numerically. This paper is organized as follows: In section 2, we regard dilaton as quintessence and investigate the condition of existence of attractor solution. In section 3, we consider phantom model and also give the condition of existence of attractor solution. Section 4 is a special example-Mexican hat potential. Section 5 is summery.
Coupled Quintessence
According to reference [21] , when we work in FRW universe and consider that the pressure and density of cosmic fluid depend on time only, the field equations of Weyl-scaled induced gravitational theory can be expressed as follows:
where ρ is the sum of matter energy density ρ m and radiation energy density ρ r , p is the pressure of cosmic fluid, H is Hubble parameter, α = 1 2̟+3 with ̟ being an important parameter in Weyl-scaled induced gravitational theory. In this paper, we work in units(8πG = c = 1). From Eq.(2), we note that there a coupling between matter and dilaton. Its effect will be discussed at the end of this section. For radiation ρ r = 3p r , we get ρ r ∝ (1) and (2), we obtain
where
is the critical energy density of the universe at initial time t i , and H i , Ω m,i , Ω r,i denote the Hubble parameter, matter energy density parameter, radiation energy density parameter at initial time t i respectively, and η i = ρm,ia with ρ m,i being matter energy density at initial timet i . We define our starting point as the equipartition epoch, at which Ω m,i = Ω r,i = 0.5 and specify the initial scale factor a i = 1 for convenience. So we have
The effective density ρ σ and effective pressure p σ can be expressed as follows
So, the equation of state of dilaton field is
In order to gain more insights into the dynamical system, we introduce the new dimensionless variables
Eq. (9) becomes
The field Eqs.(4)(5) could be rewritten as follows
4H (13) where the prime denotes the derivative with respect to X and H could be expressed as
According to reference [22] , the dynamic system decided by Eqs. (12)(13) belongs to the class of so called autonomous systems. The coordinates of critical point is decided by the following condition
In the case of
→ 0, if W ′ (X) = 0, the above condition will be satisfied. We can find the coupled term
between matter and dilaton affects the evolution of the universe. However, in dilaton-dominant epoch, the matter energy density can be neglected comparing to the dilaton energy density, that is
→ 0. Therefore, the coupled term can't affect the fate of the evolution of the universe in which there still exists an attractor. Eqs. (12)(13) and their initial conditions determine the evolution of the dynamic system and the behaviors of the late time de Sitter attractor, which include the existence and the stability of the solution. So, W ′ (X) = 0 is the sufficient condition of the existence of attractor. The above analysis method is fit for the phantom model similarly. On the whole, the existence of couple term between matter and dilaton affects the evolution course of the universe but not the result.
In section 4, we will take potential W (X) as the Mexican hat potential, and show mathematically the evolutions of the components of cosmic density Ω, the evolution of the parameter of state equation ω and the evolution of X, Y with respect to N in quintessence model. The attractor behavior is also shown in phase plane.
Phantom Model
When we regard dilaton as phantom field, its kinetic energy will be negative. So, the phantom field equations become
Based on the same analysis like the quintessence model, we have,
According to the transition (10), the phantom equation fields become
where the prime denotes the derivative with respect to X, and H can be expressed as
The equation of state parameter becomes
Eqs. (20)(21) and their initial conditions determine the evolution of phantom universe and the behaviors of the late time de Sitter attractor, which include the existence and the stability of the solution.
In dilaton-dominant epoch, the contribution from radiation and matter become negligible comparable with phantom field. According to Eqs. (22)(23) one can find Ω σ = 1 and ω σ = −1, which correspond to a late time de Sitter attractor. So in phantom model, the Big Rip singularity is avoided. In section 4, we will take potential W (x) as the Mexican hat potential, and show mathematically the evolutions of the components of cosmic density Ω, the evolution of the parameter of state equation ω and the evolution of X, Y with respect to N in phantom model. The attractor behavior is also shown in phase plane.
Mexican Hat Potential
For this type of Mexican hat potential, it has two extremum points in the range σ ≥ 0: a minimum at σ = ε and a maximum at σ = 0. The non-conventional parameter W 0 in this potential, moves the potential up and down, which is equivalent to adding a cosmological constant to the usual Mexican hat potential. We show the feature of Mexican hat potential mathematically in Fig.1 . The critical point of the above autonomous system is (X c , 0), where X c is defined by W ′ (X c ) = 0. Note that the energy density of the dilaton field at the critical point is W (X c ) and should not vanish, thus the sufficient condition for the existence of a viable cosmological model with a late time de Sitter attractor solution should be that: the potential of the field has non-vanishing minimum value in quintessence model, on the contrary, the potential should have non-vanishing maximum value in phantom model. The extremum difference of potential between quintessence model and phantom model results from the unusual physical feature of phantom field.
Since the Mexican hat potential(W 0 = 0) has a non-vanishing minimum value and a non-vanishing maximum value, there must exist late time attractors in the quintessence model and phantom model, which drive from dilaton field. Based on this, we study the attractor behaviors of quintessence and phantom model in Mexican hat potential.
In quintessence model, the critical point is X c1 = ε, and at this point the potential has a minimum value W 0 . Obviously, it is an attractor solution, which corresponds to an equation of state parameter ω = −1 and a cosmic density parameter Ω σ = 1. The evolution of the parameter of state equation ω, the cosmic density parameter Ω, Y with respect to N are shown numerically in Figs.2-4 . We also show the attractor property for quintessence in phase plane in Fig.5 . In phantom model, according to the sufficient condition of existence of attractor solution, we can obtain the critical point is X c2 = 0, and at this point the potential has a maximum value µε 4 4 + W 0 . Obviously, it is also an attractor solution, which corresponds to an equation of state parameter ω = −1 and a cosmic density parameter Ω σ = 1. The evolution of the parameter of state equation ω and the cosmic density parameter Ω with respect to N are shown numerically in Fig.6 and Fig.7 . We also show the attractor property for phantom in phase plane in Fig.8 . In what follows we show the effect of nonminimum coupling term
on the evolution of X, Y and the attractor solution. From Figs.9-11 and the analysis in Section 2, we obtain that the existence of couple term between matter and dilaton affects the evolution course of the universe but not the result. That is to say, either quintessence or phantom model admits an attractor in spite of the existence of coupling term. 
Conclusions
In this paper, based on dilatonic dark energy model we consider dilaton field as quintessence and phantom. We investigate the existence of a late time attractor in the the two cases. The sufficient condition of the existence of attractor solution is: the potential of the field has non-vanishing minimum value in quintessence model, on the contrary, the potential should have non-vanishing maximum value in phantom model. The physical reason of the condition difference between quintessence and phantom is clarified as follows: For a usual dynamic system(quintessence), the system will be stable when the total energy of the system arrives at the minimum value, which is decided by the minimum value of the potential. So, for quintessence the sufficient condition is that the potential of the field has non-vanishing minimum value. However, for a phantom system whose kinetic energy is negative, the system will be stable when the total energy of the system arrives at the maximum value, which is decided by the maximum value of the potential. So, for phantom the sufficient condition is that the potential of the field has non-vanishing maximum value.
The Mexican hat potential has a local minimum and a local maximum which makes us consider quintessence and phantom in the same potential. In quintessence model, the critical point is X c1 = ε, and at this point the potential has a minimum value W 0 . In phantom model, we obtain that the critical point is X c2 = 0, and at this point the potential has a maximum value µε 4 4 + W 0 . We show mathematically that both quintessence model and phantom model admits a late time attractor solution corresponding to an equation of state ω = −1( Fig.3 and Fig.7 ) and a cosmic density parameter Ω σ = 1( Fig.2 and Fig.6 ), which are important features for a dark energy model that can meet the current observations. Such evolution behaviors will avoid the cosmic doomsday. Since T eq ≃ 5.64(Ω 0 h 2 )eV ≃ 2.843 × 10 4 K, T 0 ≃ 2.7K, a i = 1, the scale factor at the present epoch a 0 would nearly be 1.053 × 10 4 , then we know N 0 = lna 0 = 9.262. According to N 0 , we obtain the current value Ω σ,quintessence ≃ 0.707036 and Ω σ,phantom ≃ 0.703174, which meet the current observations well.
Finally, we analyze the effect of the coupling term
on the evolution of X, Y and attractor (Figs.9-11 ). We find it affects the course of evolution of X and Y but not the existence of the attractor solution. These mathematical results show that, because of the existence of this coupling between dilaton and matter, the evolution of X and Y with respect to N in quintessence model will be faster than those of the other models. According to the same analysis methods, we can expect that the coupling term affects the evolution of ω and Ω with the same way.
We have proved that the state parameter ω of dilaton as quintessence and phantom can both evolve to -1 from a value greater than -1 and from a value smaller than -1, respectively. Can it cross over -1? Or dilaton can be a candidate of quintom [23] ? It remains open.
